We study the volume growth function of geodesic spheres in the universal Riemannian covering of a compact manifold of hyperbolic type. Furthermore, we investigate the growth rate of closed geodesics in compact manifolds of hyperbolic type.
Introduction
In this paper, we investigate asymptotic properties of universal Riemannian covering of a compact manifold of hyperbolic type.
Definition 1.1. A compact Riemannian manifold (M,g) is called of hyperbolic type if
there exists another Riemannian metric g 0 such that (M,g 0 ) has a strictly negative curvature.
Note that, in dimension 2, an orientable manifold M is of hyperbolic type if and only if its genus is greater than or equal to 2.
We say that a function f : R + → R + is of purely exponential type if there exist constants a > 1 and r 0 > 0 such that 1 a ≤ f (r) e hr ≤ a ∀r ≥ r 0 , (1.1) denotes the volume of the geodesic ball B g (p,r) with centre p and radius r in the universal Riemannian covering X of (M,g), then
h g := lim r→∞ logvolB g (p,r) r , (1.3) where the limit on the right-hand side exists for all p ∈ X and, in fact, is independent of p. Manning showed that, in the case of nonpositive curvature, h g coincides with the topological entropy (see [17] ). In 1997, using the notions of Busemann density and Patterson Sullivan measure, G. Knieper proved the following result (see [16] ): if (M,g 0 ) is a rank-1 compact Riemannian manifold of nonpositive curvature and X 0 its universal Riemannian covering, there exist constants a 0 ≥ 1 and r 0 ≥ 0 such that
e hg 0 r ≤ a 0 ∀r ≥ r 0 , (1.4) where h g0 is the volume entropy of (M,g 0 ) and S g0 (p,r) is the geodesic sphere in X 0 with centre p and radius r.
The main result of this paper is as follows. [7] or [13, page 199] ). This result yields a sufficient condition for the nonexistence of Riemannian metric with negative curvature on a compact manifold. In Theorem 1.2 by integration an analogous growth result holds if one replaces geodesic spheres by geodesic balls. Precisely the following holds.
Corollary 1.4. Let (M,g) be a compact Riemannian manifold of hyperbolic type without conjugate points and let X be its universal Riemannian covering. Then the growth function of the volume of geodesic balls of X is of purely exponential type.
Remark 1.5. Corollary 1.4 implies that the critical exponent of the deck transformations group of X is equal to the volume entropy of M. However, using a Coornaert's result ( [4, Theorem 4 .3]), we get an analogous result without the assumption of no conjugate points.
We also study the counting function ᏼ(t) of the number of closed geodesics of period less than or equal to t (up to free homotopy) in the compact quotient M.
In the case of negative curvature, Margulis showed that ᏼ(t) ∼ e ht /t, where h is the volume entropy of X.
In this paper, we prove the following.
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The corresponding result for compact rank-1 manifolds was proven by Knieper [16] . The paper is organized as follows. In Section 2, we recall some basic facts about Gromov hyperbolic spaces. In particular, we study the ideal boundary and the Gromov boundary of a manifold of hyperbolic type. In Section 3, we introduce a notion of Busemann quasidensity, which is used to prove the so-called shadow lemma (see Lemma 3.6) . In Section 4, we prove Theorem 1.2. Section 5 starts with some properties of closed geodesics of compact manifold. Then, we give a proof of Theorem 1.6.
Gromov and ideal boundaries of manifolds of hyperbolic type
We recall first some basic notions about a compactification of Hadamard manifolds. This defines an equivalence relation on the set of geodesics of X 0 . An equivalence class of this relation is called point at infinity of X 0 . If c : R → X 0 is a geodesic, its class is denoted by c(+∞). Let c −1 : R → X 0 defined by c −1 (t) := c(−t) for all t ∈ R. The class of c −1 is denoted by c(−∞). The ideal boundary X 0 (∞) of X 0 is the coset of the geodesics of X 0 . One defines a natural topology on the set X 0 := X 0 ∪ X 0 (∞) as follows: consider B(x,1) = {v ∈ T x X 0 | v ≤ 1} and the bijection
where c v is the geodesic satisfying c v (0) = x andċ v (0) = v. The following classic lemma will also be used.
Lemma 2.2 (see [2, page 22] or [7] ). Let (X 0 ,g 0 ) be a Hadamard manifold, x ∈ X 0 , and ξ ∈ X 0 (∞). Then there exists a unique geodesic c : R → X 0 satisfying c(0) = x and c(+∞) = ξ.
For p ∈ X 0 , q 1 and q 2 in X 0 = X 0 ∪ X 0 (∞) with p = q 1 and p = q 2 , we define
where c pqi : R → X 0 is the geodesic joining the points p and q i and ∠(ċ pq1 (0),ċ pq2 (0)) is the angle subtended by the vectorsċ pq1 (0) andċ pq2 (0). For p ∈ X 0 , ξ ∈ X 0 (∞), > 0, and R > 0, let
For a fixed point p ∈ X 0 , the set of all Γ p (ξ, ,R) and the open subsets of X 0 generate a topology on X 0 = X 0 ∪ X 0 (∞). This topology is called the cône topology. With respect to this topology, the set X 0 := X 0 ∪ X 0 (∞) is homeomorphic to a closed n-ball in R n (see [2, page 22] or [7] ). The induced topology on X 0 (∞) is called the sphere topology. 
where
Theorem 2.5 (Morse lemma, see [14] ). Let (X 0 ,g 0 ) be a Hadamard manifold with sectional curvature
, there exist a real number r 0 > 0 and a geodesic (resp., geodesic ray) c : R → X 0 (resp., c :
; r 0 depends only on A, α, and k 0 . Definition 2.6. Let (X,d) be a metric space with a reference point x 0 . The Gromov product of the points x and y of X with respect to x 0 is the nonnegative real number (x · y) x0 defined by
A metric space (X,d) is said to be a δ-hyperbolic space for some constant δ ≥ 0, if
for all x, y, z and every choice of reference point x 0 . X is a Gromov hyperbolic space if it is a δ-hyperbolic space for some δ ≥ 0. The usual hyperbolic space H n is a δ-hyperbolic space, where δ = log 3. More generally, every Hadamard manifold with sectional curvature less than or equal to −k 2 for some constant k > 0 is a δ-hyperbolic space, where [1, 5, 10] or [11] ).
Lemma 2.7 (see [5, page 20] or [4] ). Let (X,d) be a complete geodesic δ-hyperbolic space, x 0 a reference point in X, x and y two points of X. Then
for every geodesic segment γ xy joining x and y.
Now let X be a Gromov hyperbolic manifold, x 0 a reference point in X. We say that the sequence (x i ) i∈N of points in X converges at infinity if
If x 1 is another reference point in X,
Then the definition of the sequence that converges at infinity does not depend on the choice of the reference point. We recall the following equivalence relation on the set of sequences of points in X that converge at infinity:
The Gromov boundary X G (∞) of X is the coset of sequences that converge at infinity. Let X be a simply connected Riemannian manifold which is a Gromov hyperbolic space. One defines on the set X ∪ X G (∞) a topology as follows (see [5, page 22] or [10, page 122]):
(1) if x ∈ X, a sequence (x i ) i∈N converges to x with respect to the topology of X,
for x and y elements of X ∪ X G (∞). The set of all V k (η) and the open metric balls of X generate a topology on X ∪ X G (∞). With respect to this topology, X is dense in X ∪ X G (∞) and X ∪ X G (∞) is compact. 
Definition 2.9. Let ξ ∈ X G (∞) and c : R + → X be a minimal geodesic ray satisfying c(+∞) = ξ. The function
is well-defined on X and is called the Busemann function for the geodesic c.
and c a geodesic ray with c(0
where b c is the Busemann function for the geodesic c and K is a constant depending only on δ.
Lemma 2.11 [5] . 
) be a compact Riemannian manifold of hyperbolic type and let X be its universal Riemannian covering. Let g 0 denote an associated metric of strictly negative curvature on M. The universal Riemannian covering X 0 of (M,g 0 ) is a Hadamard manifold satisfying K X0 ≤ −k 
is bijective. Then f defines on X(∞) a natural topology with respect to which X(∞) and X 0 (∞) are homeomorphic, that is, X(∞) X 0 (∞) (see [8] ).
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Lemma 2.12 [3] . Let X 0 be a Hadamard manifold with sectional curvature
In particular, X G 0 (∞) X 0 (∞). Using Morse lemma, Lemma 2.12 and the properties of the ideal boundaries, we obtain the following lemma.
Lemma 2.13. Let (M,g) be a compact Riemannian manifold of hyperbolic type, and let X be its universal Riemannian covering. Let g 0 be an associated metric of strictly negative curvature on M and let X 0 be the universal Riemannian covering of (M,g 0 ). It holds that
Busemann quasidensities
Let (X,d) be a metric space and let Γ be a discrete and infinite subgroup of the isometry group Iso(X) of X. For x 0 , x ∈ X and s ∈ R,
denotes the Poincaré series associated to Γ. The number
is called the critical exponent of Γ and is independent of x and x 0 . The group Γ is called of divergence type if P α (x,x 0 ) diverges. The following lemma introduces a useful modification (due to Patterson) of the Poincaré series if Γ is not of divergence type.
Lemma 3.1 [19] . Let Γ be a discrete group with critical exponent α. There exists a function f : R + → R + which is continuous, nondecreasing, and such that The fact that M is compact implies the existence of a constant λ ≥ 1 such that the critical exponent α g of Γ with respect to the metric g belongs to [λ −1 h g0 ,λh g0 ] ⊂ R * + (see [15] ). Lemma 3.2. Let (M,g) be a compact Riemannian manifold of hyperbolic type and let X be its universal Riemannian covering. Let Γ be the group of deck transformations of X and for a given x ∈ X the set Λ g (Γ,x) of the accumulation points of the orbit Γx in X G (∞). Then
Proof. Using the definition of Λ g (Γ,x), we can easily check (1) and (2). [15] ). Finally, using Lemma 2.11 we obtain that Λ g (Γ,x) = X G (∞). Definition 3.3. Let X be a Gromov hyperbolic manifold, α ∈ R + , and let Γ be a discrete and infinite subgroup of Iso(X). A family {µ x } x∈X of finite nontrivial Borel measures on X ∪ X G (∞) is an α-dimensional Busemann quasidensity with reference point x 0 ∈ X if (1) supµ x ⊂ Λ(Γ,x), where Λ(Γ,x) is the limit set of the orbit Γx in X G (∞), Let (s n ) n be a sequence with s n > α g and s n → α g such that µ sn,x0,x converges weakly, as well to the measure µ x . For every x / ∈ Γx 0 , we choose a subsequence of (s n ) n , denoted by (s x n ), such that the measure µ s x n ,x0,x is also weakly convergent. For all points of the same orbit Γx we can choose the same subsequence, that is, s x n = s x n if x ∈ Γx. These choices yield a family {µ x } x∈X of measures. 
where a and b depend only on d(x 0 ,x). This implies that {µ x } x∈X is a family of finite nontrivial Borel measures on P s x 0 ,x 0 = µ s,x0,x (A).
(3.14)
Thus µ ηx (ηA) = µ x (A) for all η ∈ Γ. (iv) We now consider ξ ∈ X G (∞) and a sequence (U n ) n of open sets in X ∪ X G (∞) with lim n→∞ U n = ξ. By Lemma 2.10, there exists n 0 ∈ N such that
for all n ≥ n 0 and γx 0 ∈ U n , where c is a geodesic joining x and ξ, b c a Busemann function for the geodesic c, and K a constant depending only on the metric g 0 . Then, using Lemma 3.1, we deduce the existence of a constant λ ≥ 1 such that
For a given y ∈ X ∪ X G (∞), x ∈ X, and ρ ≥ 0, we introduce the shadow ᏻ 
(3.17)
Proof. Let g 0 be a metric of negative curvature on M and X 0 the universal Riemannian covering of (M,g 0 ). For v ∈ S x X 0 we define
where c w is the g 0 -geodesic satisfyingċ w (0) = w. Let Ᏺ be a fundamental domain in X. It follows from [16, Proposition 3.6] the existence of constants R 0 > 0 and ε > 0 such that for all x ∈ Ᏺ and y ∈ X, C g0 ε (v) ⊂ ᏻ g0 y (x,R 0 ) for some v ∈ S x X 0 . Hence, using Morse lemma we obtain a constant R 1 > 0 with
Finally, because of
for all γ ∈ Γ, there exists a constant l > 0 such that for all ρ ≥ R 1 ,
The shadow lemma was proven by Sullivan in the case of the usual hyperbolic space (see [20] ). Our version generalizes this result to all compact manifolds of hyperbolic type. 
Proof. It follows from Lemma 3.4 that there exists a constant λ ≥ 1 such that for all ξ ∈ X G (∞) and The following lemmas will be useful for the proof of Theorem 4.1. Their proofs use similarly arguments like those given in [3] .
Lemma 4.2. Let (M,g) be a compact Riemannian manifold of hyperbolic type without conjugate points, let X be its universal Riemannian covering, and let n = dimX. Let S(x 0 ,r) be the geodesic sphere about x 0 ∈ X of radius r. Then for all ρ ≤ (1/2)r, there exists a constant
Proof. We will use in T x0 X the geodesic polar coordinate system (t,θ), where θ ∈ S x0 X. Since the Riemannian manifold X is simply connected without conjugate points, the exponential map exp x0 realizes a diffeomorphism from T x0 X to X. Let (D exp x0 )(tθ) denote the differential of exp x0 evaluated at a point (t,θ) ∈ T x0 X. The fact that M is compact implies the existence of a constant k > 0 with Ric(X) ≥ −(n − 1)k 2 . Let X n −k 2 denote the simply connected space form with constant sectional curvature −k 2 . Using Bishop-Gromov theorem (see [12] ), we obtain
for all s 1 ≥ s 2 > 0. We consider a (n − 1)-dimensional subdomain B in the geodesic sphere S(x 0 ,r) with diamB = ρ and the following set:
for all y ∈ S(x 0 ,r). For each point x ∈ B, the set F is contained in the geodesic ball B(x,2ρ). Therefore using Bishop-Gunther theorem (see [9, page 140]), we obtain a con-
is the volume of a ball with radius 2ρ in the space form X n −k 2 . Then using (4.3), we obtain 
for all x ∈ S(x 0 ,r).
Proof. We consider the set (4.12)
But there exist some point z ∈ H and a constant K > 0 such that
Since M is compact, there exists a constant k 1 > 0 with K X ≤ k 1 . Then using BishopGunther theorem (see [9, page 140]), we obtain
where V k1 (ρ/4) is the volume of a ball of radius ρ/4 in the space form X k1 n . Hence, The projections of the axes of two equivalent elements γ 1 and γ 2 of Γ define two equivalent closed geodesics on M. Conversely, the lifts of two equivalent closed geodesics are axes of two equivalent isometries. Hence, we obtain the following well-known result.
Proposition 5.3 [16] . Proof. Let Γ be the group of deck transformations of X and Ᏺ ⊂ X a fundamental domain of Γ with diamᏲ = D. Using Proposition 5.3, we obtain for a fixed p in Ᏺ,
Since the γ i Ᏺ are pairwise disjoint, we obtain by Corollary 4.5 
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